
 

Conformal blocks on torus

Let c be an element of the upper half plane
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Denote the lattice I Ie by T

Define torus by E EH
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Suppose OE Ree c 1 and set q e2TFt
Denote by G the transformation group of also
generated by flat g w we E dilatation

Then EYG E E z w et't F 2

Now set 3 2 it Fiz for the torus E G

Since u e's S wit L
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Lot of torus EMG is given by
Lto Lo LT C

action of dilatation operator
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Take distinct points p ipu on the torus

E G and represent them as points in D
associate level k highest weights
in run to pi pm
associate Ha to origin of w plane and
Hit to infinity
space of conformal blocks
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YEH is linear operator
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Consider
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and denote by
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the vector space of linear operatorsTreagh E



for a Y ye Iff p ph as ix u inn

Define the space of conformal blocks
for the torus E by
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for n basis of HCE is given by
Xp t Try 9 7 0,1 i k

characters of affine Lie algebra A
We have

X.tt ESanXnH
Xa Ttt expat Fi Aa Ea Xa ft

where Sam and Ia are given by
Sam III sin Gakuen
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A a A fit 2
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Let Rr be complex vector space with

basis on O E RE K

Define on or NIK with linear

extension on Rr Here
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Proposition 5

The algebra Rn is commutative and
associative

Proofi
The commutativity follows from NI NI
Associativity

un one N a NII E

Va on Val NIK NII E



equality follows from
N a N'Ia ENI Man
A R2 Ars X R2 As
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The algebra Rn is called Verlinde algebra
or fusion algebra for the sub

Wess Zunino Witten model at levee K

It can be shown that
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defined by 41 1 4 is isomorphism
Proposition G
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Verlinde formula



Proofi
Denote Na Namu oemirek

htt x ka matrix For 1 1 N 1 if
In 21 1 and N 0 else

Check that matrix N is diagonalized

by matrix 5 with eigenvalue Sails
1 0,1 K Va 131 is polynomial
in 4 see C

Na i 1 is polynomial in N

Na is diagonalized by 5 as well
with eigenvalues San son at ik

exercise

Verlinde formula a

Next Basis of conformal blocks sphere
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Take mj o je u level k highest

weights and no un 0 sit Cmj 7g ing

satisfies quantum Clebsch Gordan rule



at level K Consider chiral vertex operators

Uj CH Hey Hag HI Kien
and associated operators

G 2 Mj Hey tIg Mie Hy kith
Then the composition

dulznien 4,1213 H to
together with the correspondence
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determines a multilinear map
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restriction on Va Vansatisfies
KZ equation

Proposition 7

dim Hcp pain au

o
Sta San
Goa 2



Proofi
Suppose u 3 Then

dim H p spirit an
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pairs of pants decomposition
7

A Iz du

o 5 Heo
Mi M ML Mu MY


